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Abstract

In 1996, during the first year of doctoral study, thirty handwritten pages derived three
Krylov subspace methods for symmetric linear systems from first principles, working from
Paige and Saunders’ 1975 paper. This document sets out the spine of those derivations in
modern notation, records the four errors the manuscript contains, closes the two results
it states without proof, and reports a numerical verification of every recurrence.
The derivations are sound. Every error is one of justification rather than destination: in
each case the conclusion reached is correct and the argument offered for it is not. One —
an initialisation convention — would break an implementation coded directly from the
page, and is corrected here. The manuscript’s two acknowledged gaps, both flagged by
the author at the time, are proved and hold.
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1 What this document is
This document has two parts.

Part one sets out the spine of the derivations in modern notation: the minimisation
framework, the Lanczos process, and each of the three algorithms in turn, followed by a
numerical verification and a collected errata.

Part two (§9) reproduces the original thirty handwritten pages in facsimile, exactly as
written. Nothing there has been transcribed, corrected or reordered.

The two are complementary and deliberately so. The facsimile is the record; the tran-
scription is the reading copy, with the errors marked where they occur rather than silently
repaired. Three conventions are used:

• A small grey note flushed right beneath a heading, notebook p. n, gives the corresponding
pages of the facsimile.

• A red box marks an error in the manuscript. The surrounding text always states the
correct result; the box says what the notebook says and why it fails.

• A blue box marks a result the notebook states without proving — in both cases
explicitly, in the author’s own hand — together with the proof.

The bookkeeping is deliberately visible. A document that quietly corrected a thirty-
year-old notebook would be less useful than one that shows where a young mathematician’s
instinct outran his patience, because that is the interesting part of the record.

Problem and standing assumptions
Throughout, A ∈ Rn×n is real, symmetric and nonsingular, b ∈ Rn, and we seek x with

Ax = b.

A is not assumed positive definite — the indefinite case is the whole point of SYMMLQ and
MINRES. We take x0 = 0 throughout, so that r0 = b; the general case follows by shifting.

2 The minimisation framework
notebook p. 1–2

Let Vk = [v1, . . . , vk] have orthonormal columns and seek an iterate in the subspace they
span, xk = Vkyk. Paige and Saunders characterise a family of methods by the quadratic

fk(y) = (AVky − b)TB (AVky − b), (1)

with B symmetric and at our disposal. Expanding and differentiating,

dfk

dy
= 2 yTV T

k ABAVk − 2 bTBAVk,

and setting this to zero, then transposing and using AT = A, BT = B:

V T
k ABAVk yk = V T

k AB b (2)

Equivalently V T
k AB rk = 0 with rk = b − Axk: the residual is constrained to be B-orthogonal,

through A, to the subspace.
Restricting to B = Am for integer m, two choices are computationally viable.
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Case (a): m = −1, B = A−1. notebook p. 2

Equation (2) collapses to

V T
k AVk yk = V T

k b, V T
k rk = 0. (3)

This is the Galerkin condition, and yields conjugate gradient (§4) and SYMMLQ (§5).

Case (b): m = 0, B = I. notebook p. 3

Equation (2) becomes
V T

k A2Vk yk = V T
k Ab, (4)

which minimises ∥rk∥2 and yields MINRES (§6).

A caveat the notebook does not raise. The objective (1) is a genuine minimisation only
when B is positive definite. For B = A−1 this requires A ≻ 0; when A is indefinite,
(3) determines a stationary point rather than a minimum. This is not a defect in the
derivation — it is exactly why case (a) is the unstable one and case (b) is not, a contrast
the manuscript goes on to quantify precisely (§6.4).

3 The Lanczos process
notebook p. 3–4

The basis is generated by the symmetric Lanczos recurrence. With β1 = ∥b∥, v1 = b/β1
and v0 = 0,

βj+1vj+1 = Avj − αjvj − βjvj−1, αj = vT
j Avj , (5)

βj+1 being chosen non-negative so that ∥vj+1∥ = 1. Collecting k steps,

AVk = VkTk + βk+1vk+1eT
k (6)

with Tk symmetric tridiagonal carrying α1, . . . , αk on the diagonal and β2, . . . , βk off it.
Orthonormality gives V T

k Vk = Ik and V T
k vk+1 = 0, hence

V T
k AVk = Tk. (7)

Substituting into (3) and using V T
k b = β1V T

k v1 = β1e1,

Tkyk = β1e1, xk = Vkyk. (8)

Vk is n × k, not square. The notebook flags this in a margin note, and the point is
load-bearing: V T

k Vk = Ik but VkV T
k ̸= In, so the cancellation in (7) runs one way only.

Two of the errors recorded below (§5.4, §6.3) are precisely failures to respect it.

It is convenient to name the (k+1) × k rectangular form

T̄k+1 =
(

Tk

βk+1eT
k

)
, so that AVk = Vk+1T̄k+1. (9)

It does not appear in the notebook, but it is what §6.3 needs.
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4 Conjugate gradient
notebook p. 5–6

Take A ≻ 0, so Tk = V T
k AVk ≻ 0 and admits a Cholesky-type factorisation Tk = LkDkLT

k

with Lk unit lower bidiagonal (subdiagonal µj) and Dk = diag(d1, . . . , dk).
The difficulty is that yk changes in every component as k grows, so xk = Vkyk cannot be

accumulated. Setting

pk ≜ LT
k yk, Ck ≜ VkL−T

k = [c1, . . . , ck], (10)

equation (8) becomes LkDkpk = β1e1, and xk = Vkyk = Ckpk. Both factors are now
triangular, which freezes earlier components: reading CkLT

k = Vk column-wise and row j of
LkDkpk = β1e1,

cj = vj − µj−1cj−1, µ0 ≡ 0, (11)
pj =

(
vT

j b − µj−1dj−1pj−1
)
/dj , (12)

xc
j = xc

j−1 + pjcj . (13)

The numerator of (12) is written vT
j b rather than β1(e1)j . The two agree exactly:

vT
1 b = β1, and vT

j b = β1vT
j v1 = 0 for j ≥ 2.

Here cj is the search direction and pj the step length; (11)–(13) are conjugate gradient.

5 SYMMLQ
notebook p. 7–21

Cholesky requires definiteness. Replacing it by an orthogonal factorisation removes that
requirement, and this is the content of SYMMLQ.

5.1 The LQ factorisation
notebook p. 7–8

Write Tk = L̄kQk with QkQT
k = I and L̄k lower triangular, QT

k being a product of plane
transformations Q1,2 · · · Qk−1,k, so that TkQT

k = L̄k. Define

W̄k ≜ VkQT
k = [w1, . . . , wk−1, w̄k], z̄k ≜ Qkyk. (14)

Then (8) becomes L̄kz̄k = β1e1 with xc
k = W̄kz̄k. The matrix L̄k has the banded form

L̄k =


γ1
δ2 γ2
ε3 δ3 γ3

. . . . . . . . .
εk δk γ̄k

 , (15)

the final diagonal entry being barred because the next transformation has not yet fixed it.
Lk denotes L̄k with γ̄k replaced by γk.

The transformation is a reflection, not a rotation. The notebook uses

Qi,i+1 acting through
(

c s
s −c

)
, c2 + s2 = 1,

whose determinant is −(c2 +s2) = −1. Paige and Saunders call it a rotation; the notebook
observes, correctly, that it is not one — a proper Givens rotation is ( c s

−s c ). The distinction
is not cosmetic. This matrix is symmetric and involutary, and §5.6 and §6.5 both rely on
inverting a relation by re-applying it, which a genuine rotation would not permit.
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5.2 The recurrences
notebook p. 9–12

Applying the transformations and matching entries gives, for k ≥ 2,

εk = βksk−2,

δk = −βkck−2ck−1 + αksk−1,

γ̄k = −βkck−2sk−1 − αkck−1,

(16)

with γ̄1 = α1, and then

γk =
(
γ̄2

k + β2
k+1

)1/2
, ck = γ̄k

γk
, sk = βk+1

γk
. (17)

Erratum (notebook p. 12)
The manuscript initialises (16) with c0 = s0 = 1. This is wrong, and contradicts the k = 2

entries derived four pages earlier:

with c0 = s0 = 1 required (p. 9)
ε2 β2 absent
δ2 −β2c1 + α2s1 +β2c1 + α2s1
γ̄2 −β2s1 − α2c1 +β2s1 − α2c1

The correct convention is c0 = −1, s0 = 0, which reproduces all three and satisfies c2
0 + s2

0 = 1. It is
consistent with the reflection form, which at c = −1, s = 0 is diag(−1, 1).
This is the one error in the manuscript that would break an implementation coded from the page.
Verified numerically in §7: the recurrences reproduce TkQT

k to 7 × 10−15 with c0 = −1, s0 = 0, and to
a relative error of order 101 as written. Only the initialisation is affected — every k ≥ 3 avoids the
index-zero terms.

5.3 Accumulating the iterate
notebook p. 13–16

Because Lk and L̄k differ only in the (k, k) entry, Lkzk = L̄kz̄k forces γ̄kζ̄k = γkζk, so

ζk = ckζ̄k. (18)

The basis vectors satisfy, with w̄1 = v1,

[
w̄k vk+1

](ck sk

sk −ck

)
=
[
wk w̄k+1

]
, (19)

that is wk = ckw̄k + skvk+1 and w̄k+1 = skw̄k − ckvk+1. Row k of Lkzk = β1e1 gives ζk, and
the iterate accumulates:

εkζk−2 + δkζk−1 + γkζk = β1(e1)k, xL
k = xL

k−1 + ζkwk. (20)

Since W̄k+1 = [Wk w̄k+1] and z̄k+1 = (zT
k , ζ̄k+1)T, the conjugate gradient iterate is recoverable

at no extra cost:
xc

k = xL
k−1 + ζ̄kw̄k. (21)
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5.4 Lk is nonsingular
notebook p. 17

Proposition 1. Lk is nonsingular at every step.

Proof. Lk is lower triangular with diagonal γ1, . . . , γk, so it is singular only if some γk = 0.
By (17), γ2

k = γ̄2
k + β2

k+1.
If βk+1 ̸= 0 then γk ≥ |βk+1| > 0 immediately — regardless of γ̄k.
If βk+1 = 0 the Lanczos process has terminated, AVk = VkTk, and range(Vk) is A-invariant.

Suppose Tkz = 0 for some z ̸= 0. Then AVkz = VkTkz = 0, while Vkz ̸= 0 because Vk has
orthonormal columns; so A is singular, contrary to assumption. Hence Tk is nonsingular, and
Lk = TkQT

k is a product of nonsingular matrices.

The first branch deserves emphasis, because the manuscript compresses it to the point of
invisibility and it is the strongest statement on the page:

For βk+1 ̸= 0, Lk is nonsingular even when γ̄k = 0 — that is, even when L̄k

is singular and Tk may be. This is precisely why SYMMLQ survives indefinite
systems on which conjugate gradient breaks down.

Erratum (notebook p. 17)
The manuscript reaches Proposition 1 by two invalid arguments.

(i) “A, Vk and V T
k all have non-zero diagonal elements ⇒ Tk has non-zero diagonal elements, i.e. it is

nonsingular.” Non-zero diagonal entries do not imply nonsingularity — ( 1 1
1 1 ) — and an indefinite

symmetric A need not have a non-zero diagonal at all (( 0 1
1 0 )). The premise is worse than false: Vk

is n × k, so it has neither a diagonal nor a notion of singularity, as the notebook’s own margin note
insists.
(ii) “QT

k is nonsingular because it is built from matrices Qi,i+1 which have no zero diagonal elements.”
The premise is false: the diagonal entries of Qi,i+1 are ci and −ci, both zero when ci = 0 — the
near-breakdown case of interest. The correct reason is that QT

k is a product of orthogonal matrices, so
det QT

k = ±1.
(iii) The manuscript writes Lk = L̄k = QkTk; page 8 established L̄k = TkQT

k . Factors reversed and Q
untransposed.

The closing observation of the page is correct and worth keeping. At termination βk+1 = 0
gives sk = 0 and ck = 1, so (18) and (19) yield ζk = ζ̄k and wk = w̄k: the barred and
unbarred quantities coincide and xL

k = xc
k. SYMMLQ and conjugate gradient agree

exactly when the Krylov space closes.

5.5 Residuals
notebook p. 18–20

Using (6), (8) and Vke1 = v1, the conjugate gradient residual telescopes to rc
k =

−βk+1vk+1ηkk, where ηkk is the last component of yk. Comparing the k-th entries of
L̄T

k yk = β1Qke1 gives γ̄kηkk = β1s1 · · · sk−1, and since sk/ck = βk+1/γ̄k,

rc
k = −

(
β1s1s2 · · · sk

/
ck

)
vk+1 (22)

so that ∥rc
k∥ = β1|s1 · · · sk|/|ck|. The factor 1/ck is the conjugate gradient breakdown: it

diverges as ck → 0, i.e. as γ̄k → 0.

6



Gap closed (notebook p. 20)
The manuscript states, without proof — “I presume this could be sought by a little induction” —

that
rL

k = γk+1ζk+1vk+1 − εk+2ζkvk+2. (23)

It is correct. Write Wk = Vk+1QT
k+1E with E the first k columns of Ik+1. From (9),

AWk = VkLk + vk+1
(
εk+1eT

k−1 + δk+1eT
k

)
+ βk+2vk+2 eT

k+1QT
k+1E.

Then: Lkzk = β1e1 cancels β1v1 − VkLkzk; row k + 1 of Lk+1zk+1 = β1e1 reads εk+1ζk−1 + δk+1ζk +
γk+1ζk+1 = 0, giving the coefficient +γk+1ζk+1 on vk+1; and the last row of QT

k+1 = Q1,2 · · · Qk,k+1
is [0, . . . , 0, sk, −ck], so E leaves only skζk, with εk+2 = βk+2sk by (16). Orthonormality then gives
∥rL

k ∥2 = γ2
k+1ζ2

k+1 + ε2
k+2ζ2

k .
The author’s remark that the generalised εi gave “a head start” is exactly right: it is the step that
closes the argument.

5.6 SYMMLQ against conjugate gradient
notebook p. 21

Subtracting (20) from (21) and using ζ̄k = ζk/ck,

xc
k = xL

k + ζk

(
w̄k/ck − wk

)
.

Because the reflection in (19) is involutary, that relation inverts without modification to give
w̄k = ckwk + skw̄k+1, whence

xc
k = xL

k +
(ζksk

ck

)
w̄k+1 (24)

Proposition 2. ∥xc
k∥ ≥ ∥xL

k ∥ at every step.

Proof. The columns of W̄k+1 = Vk+1QT
k+1 = [Wk w̄k+1] are orthonormal, being an orthogonal

transformation of orthonormal columns. Hence w̄k+1 ⊥ wj for all j ≤ k, and xL
k = Wkzk lies

in span{w1, . . . , wk}, so w̄k+1 ⊥ xL
k . By Pythagoras and ∥w̄k+1∥ = 1,

∥xc
k∥2 = ∥xL

k ∥2 +
(ζksk

ck

)2
≥ ∥xL

k ∥2.

Erratum (notebook p. 21)
The manuscript deduces the proposition from the assertion that the coefficient in (24) “is never

negative”. This fails twice.
(i) The coefficient can be negative. sk = βk+1/γk ≥ 0, but ck = γ̄k/γk and γ̄k is sign-indefinite by
(16) — as it must be when A is indefinite — and ζk likewise.
(ii) Non-negativity would not suffice in any case: x = y + λw with λ ≥ 0 does not imply ∥x∥ ≥ ∥y∥.
Take y = (1, 0), w = (−1, 0), λ = 1.
The orthogonality argument above repairs this, and is shorter. Note that it turns on the square of the
coefficient, which is why the sign question is irrelevant — and that it uses ∥w̄k+1∥ = 1, which the
manuscript itself invokes on its final page.
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6 MINRES
notebook p. 22–30

6.1 The normal equations
notebook p. 22–24

Take B = I. Transposing (6) and using AT = A, T T
k = Tk,

V T
k A = TkV T

k + βk+1ekvT
k+1,

and multiplying out, all cross terms vanishing by orthonormality,

V T
k A2Vk = T 2

k + β2
k+1ekeT

k

(
= T̄ T

k+1T̄k+1
)
. (25)

Similarly V T
k Ab = β1Tke1. Now T 2

k = TkT T
k = L̄kQkQT

k L̄T
k = L̄kL̄T

k , and β2
k+1 = γ2

k − γ̄2
k .

Since L̄k and Lk differ only in the (k, k) entry — and, L̄k being lower triangular, that entry
occurs only in row k — the rank-one correction converts one into the other:

V T
k A2Vk = LkLT

k (26)

So (4) reads LkLT
k uk = β1Tke1 = β1L̄kQke1. Writing L̄k = LkDk with Dk = diag(1, . . . , 1, ck)

— valid because column k of the triangular Lk contains only γk — this becomes

LT
k uk = β1DkQke1 ≜ tk = (τ1, . . . , τk)T. (27)

6.2 The recurrences
notebook p. 25–26

Evaluating (27),

τ1 = β1c1, τi = β1s1s2 · · · si−1ci (i ≥ 2), (28)

which depends only on i — so tk extends by one entry per step without disturbing its
predecessors. Setting Mk ≜ VkL−T

k = [m1, . . . , mk] gives xM
k = Vkuk = Mktk, and reading

MkLT
k = Vk column-wise,

mk =
(
vk − δkmk−1 − εkmk−2

)
/γk, m0 = m−1 = 0,

xM
k = xM

k−1 + τkmk.

(29)
(30)

Mk likewise extends without disturbance, the leading block of an upper-triangular inverse
being the inverse of the leading block.

Gap closed (notebook p. 26)
Against (29) the manuscript records: “I recommend verifying this progression formulation before

implementing it!” It is correct, as a column-by-column expansion of MkLT
k = Vk confirms, and as

§7 confirms numerically. The recommendation is nonetheless sound practice; the three-term form
of (29), against the two-term (11) of conjugate gradient, is exactly the extra superdiagonal that the
orthogonal factorisation fills in where Cholesky did not.
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6.3 AMk = Wk
notebook p. 29

Lemma 3. AMk = Wk for every k.

Proof. By (9), AMk = AVkL−T
k = Vk+1T̄k+1L−T

k . The transformations that lower-triangularise
Tk also furnish a QR factorisation of the rectangular T̄k+1, with LT

k as triangular factor:

T̄k+1 = QT
k+1E LT

k , (31)

E being the first k columns of Ik+1. Hence AMk = Vk+1QT
k+1E = Wk.

Identity (31) at k = 2 makes the mechanism visible; the off-diagonal entries recover T̄3
only through c2

1 + s2
1 = 1:

c1δ2 + s1c2γ2 = c1(β2c1 + α2s1) + s1(β2s1 − α2c1) = β2,

s1δ2 − c1c2γ2 = s1(β2c1 + α2s1) − c1(β2s1 − α2c1) = α2.

Erratum (notebook p. 29)
This is the most serious gap in the manuscript, and it has two parts.

(i) The page writes AVmV −1
m = A = VmTmV −1

m . Vm has no inverse: it is n × m, invertible only if
m = n, and Lanczos terminating at m < n is the ordinary case, not a pathology. The step is also
unnecessary — AVm = VmTm gives AMm = VmTmL−T

m = VmQT
m = Wm directly.

(ii) More seriously, the page establishes AM = W only at termination — the whole argument assumes
βm+1 = 0, which is what licenses L̄m = Lm — and then applies Amk = wk at arbitrary k two lines
later. For k < m the derivation given does not hold, since Tk = L̄kQk with L̄k ̸= Lk, so TkL−T

k ≠ QT
k .

Lemma 3 supplies the general statement, by routing through the rectangular T̄k+1 rather than the
square Tm. With it in place the conclusion of the page stands unaltered.

6.4 MINRES against conjugate gradient
notebook p. 27–28

Manipulating (27) through L̄k = LkDk gives xc
k = MkD−2

k tk, which differs from xM
k =

Mktk in its last coefficient alone. Since c−2
k − 1 = s2

k/c2
k,

xc
k = xM

k + τkmk

(sk

ck

)2
, (32)

and therefore, by Lemma 3,
rM

k = rc
k + τk

(sk

ck

)2
wk. (33)

Compare (24) with (32). Each expresses the conjugate gradient iterate as the stable
method’s iterate plus a correction carrying a power of 1/ck — the same story told twice,
once for SYMMLQ and once for MINRES.
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6.5 Monotonicity of the residual
notebook p. 30

Proposition 4. rM
k = β1s1s2 · · · sk w̄k+1, and consequently ∥rM

k ∥ is non-increasing in k.

Proof. By (28), τks2
k/c2

k = (β1s1 · · · sk)(sk/ck), so combining (33) with (22),

rM
k = β1s1 · · · sk

ck

(
skwk − vk+1

)
.

The reflection (19) is involutary, so it inverts to give vk+1 = skwk − ckw̄k+1, whence skwk −
vk+1 = ckw̄k+1 and

rM
k = β1s1s2 · · · sk w̄k+1.

With ∥w̄k+1∥ = 1 and 0 ≤ si ≤ 1, the norm β1
∏

i≤k si is non-increasing.

The ck cancels. The factor that made ∥rc
k∥ diverge in (22) is absent here, and that

cancellation is what the thirty pages are built toward.

An immediate corollary the manuscript does not state. Comparing norms in (22) and
the proposition,

∥rM
k ∥ = |ck| · ∥rc

k∥ ≤ ∥rc
k∥.

The MINRES residual is never larger than the conjugate gradient residual — as it must
not be, MINRES being defined by minimising it. That the derivation closes on a statement
it was obliged to produce is good evidence that it hangs together.

7 Numerical verification
The recurrences above — (5), (16), (17), (11)–(13), (18)–(20), (28)–(30) — were implemented
exactly as the notebook gives them, with no textbook forms substituted, and run on a
symmetric positive definite and a symmetric indefinite system, each 60 × 60, the latter with
eigenvalues straddling zero. Script: verify/verify_1996.py; the full working notes are in
ALGEBRA_CHECK.md.

Check Source SPD Indefinite

LQ recurrences vs. TkQT
k , c0 = −1, s0 = 0 (16) 7e−15 2e−15

same, with the manuscript’s c0 = s0 = 1 2e+01 2e+01
Conjugate gradient, final relative error (13) 2.6e−15 1.1e−14
SYMMLQ, final relative error (20) 2.0e−15 2.0e−15
MINRES, final relative error (30) 2.1e−15 2.1e−15
rM

k = β1s1 · · · skw̄k+1 §6.5 1.4e−14 8.6e−15
∥rM

k ∥ = |ck|∥rc
k∥ §6.5 2.3e−15 8.8e−14

rL
k closed form (23) 1.3e−14 8.6e−15

∥xc
k∥ ≥ ∥xL

k ∥ §5.6 holds holds
∥rM

k ∥ non-increasing §6.5 † holds

† Two apparent violations in the definite case, both at ∥r∥ ≈ 1.1 × 10−14 against a floor of
ε∥A∥∥x∥ ≈ 9.7 × 10−15, with ratios 1.03 and 1.004. This is round-off, not a failure of the
proposition.
The Lanczos step in the verification uses full reorthogonalisation. This is not a correction
to the notebook and is not part of any derivation above: it isolates the algebra from the
well-known loss of orthogonality of the Lanczos process in finite precision. Without it,
conjugate gradient drifts to a relative error of 2.7 × 10−2 on a matrix of condition number 40

— a property of the basis generation, not of (11)–(13).
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8 Errata, collected

p. Locus Issue Status

11 (∗∗), line 2 γ̄2s2 − β3c3 = 0 should read β3c2 typo; self-corrected lower on
the same page

12 initialisation of
(16)

“c0 = s0 = 1” should read c0 = −1,
s0 = 0

would break an
implementation

17 nonsingularity
of Lk

non-zero diagonal ⇒ nonsingular; Q
nonsingular “because no zero diagonal”;
QkTk for TkQT

k

conclusion correct, arguments
invalid

18 below (∗) “multiplying both sides by yk” describes
a substitution followed by
premultiplication

wording only

21 ∥xc∥ ≥ ∥xL∥ “this term is never negative” is false, and
would not suffice

conclusion correct, proof
replaced

28 c−2
k − 1 five lines for sec2 θ − 1 = tan2 θ valid, merely long

29 AM = W V −1
m does not exist; result proved at

termination but used at general k
conclusion correct, proof
replaced

Every error is one of justification, never of destination. In each case the result asserted is
correct and the argument offered for it is not — a consistently better failure mode than its
converse, and the one that formal training exists to remedy.

9 The original pages
The thirty pages that follow are reproduced exactly as written — worked by hand, with
reference texts, over several months of evenings during the first year of doctoral study, from
the source paper:

C. C. Paige and M. A. Saunders, Solution of Sparse Indefinite Systems of Linear Equations,
SIAM Journal on Numerical Analysis 12(4), 617–629, 1975.

No internet. Nothing has been transcribed, corrected or reordered, and the errors recorded in
§8 are left standing where they fall.

Notebook pages Content Above at

1–2 The minimisation framework §2
3–4 Lanczos vectors §3
5–6 Conjugate gradient §4
7–21 SYMMLQ §5
22–30 MINRES §6

Conjugate gradient predates the source paper — Hestenes and Stiefel, 1952 — and is derived
here as the foundation the other two are built on. Two loose sheets tucked between pages
2–3 and 25–26 carry supplementary notes; they are reproduced in sequence at those points.

Photographed and assembled 2026. The mathematics is the author’s.
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